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In many mobile robotic manipulation tasks it is desirable to interact with the robot’s sur-
roundings without grasping the object being manipulated. Non-prehensile manipulation
allows a robot to interact in situations which would otherwise be impossible due to object
size or mass. This thesis investigates the most general pushing mode, that of a single
contact point, formed either as a ﬁxed point at a vertex or as a single rolling contact be-
tween two curved surfaces with a view to enable the manipulation of common household
objects such as bins or coﬀee tables by a simple mobile robot. The investigation is limited
to objects which possess a ﬂat base and are able to slide on a ﬂat, horizontal support
surface. The derivation of a mathematical model is presented for an object pushed un-
der these conditions, where the system accelerations inﬂuence the object motion through
the dynamic eﬀects of inertia and friction rendering the quasi-static assumption invalid.
Numerical simulations explore the system behavior under a variety of conﬁgurations re-
vealing the eﬀect of the dynamic forces on the object motion and the existence of stable
conﬁgurations, under certain conditions, where an object is pushed by a curved fence.
The stable pushing behavior is conﬁrmed experimentally. The mathematical model is
utilized to generate near time-optimal pushing trajectories to manipulate an object to a
desired goal location and control strategies to compensate for uncertainty in the physical
parameters.
Acknowledgements
I would like to thank my supervisor Prof. Gamini (Dissa) Dissanayake for continually
assisting me throughout the course of this project and providing hours of intelligent and
receptive interactions which have ultimately led to a more complete, quality thesis.
I would also like to thank the rest of the team at CAS, especially my co-supervisor
Dr Shoudong Huang, for always being willing to render assistance whenever it was
requested.
I am grateful to the UTS Faculty of Engineering for providing me with computers to
work on and access to the High Performance Computing Cluster for my simulations.
Thanks goes also to my family; John, Lueen and Liesl Behrens; Chris Thiele and my
good friend Desmond Hokin for their continuous support and tireless proof reading.
Finally, a special thanks goes to my lovely wife, Sharona Behrens, for her unwavering
support and encouragement which has undoubtedly enabled the creation of this thesis.
Fear not, my dear, you shall be a thesis widow no longer.
Contents




List of Figures vi
List of Tables ix
1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5 Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.6 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2 Behavior of a Sliding Object Pushed at Constant Velocity 7
2.1 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Pushing using a Point Contact . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Pushing Objects using a Curved Fence . . . . . . . . . . . . . . . . . . . . 14
2.4 Case Study 1: Pushing with Constant Velocity at a Fixed Point . . . . . . 29
2.4.1 Eﬀect of maintaining a constant pushing angle relative to the ob-
ject coordinate frame . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.4.2 Eﬀect of Mass Variation . . . . . . . . . . . . . . . . . . . . . . . . 31
2.4.3 Eﬀect of Friction Coeﬃcient Variation . . . . . . . . . . . . . . . . 33
2.4.4 Eﬀect of Moment of Inertia Variation . . . . . . . . . . . . . . . . 33
2.4.5 Eﬀect of Support Distribution Variation . . . . . . . . . . . . . . . 35
2.4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.5 Case Study 2: Stable Pushing with a Curved Fence . . . . . . . . . . . . . 36
2.6 Case Study 3: Pushing a Box with a Mobile Robot . . . . . . . . . . . . . 39
2.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3 Open Loop Planning for Pushing Actions 44
3.1 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.2 General equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
iv
CONTENTS v
3.3 Selected Numerical Case Studies . . . . . . . . . . . . . . . . . . . . . . . 50
3.3.1 Trajectory Generation for Manipulation using a Point Contact . . 50
3.3.2 Trajectory Generation for Manipulation using a Curved Fence . . 56
3.3.3 Sensitivity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4 Real Time Control for Pushing Operations 64
4.1 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.2 Feedback Control Law for Single Point Pushing . . . . . . . . . . . . . . . 66
4.3 Selected Numerical Case Studies . . . . . . . . . . . . . . . . . . . . . . . 68
4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5 Conclusions 78
5.1 Summary of Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.1.1 Investigation of the Behavior of a Sliding Object . . . . . . . . . . 78
5.1.2 Discovery and Investigation of Stable Pushing Regions with a
Curved Fence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.1.3 Synthesis of Near Time Optimal Pushing Trajectories . . . . . . . 79
5.1.4 Control for Real Time Execution . . . . . . . . . . . . . . . . . . . 80
5.2 Discussion of Limitations and Future Work . . . . . . . . . . . . . . . . . 80
A Nomenclature 82
B Glossary of Terms 86
C Derivation of Equations of Motion for Pushing with a Curved Fence 88
Bibliography 93
List of Figures
2.1 A sliding object O subject to an input velocity vc at a single point C . . . 10
2.2 A sliding object in an initial state . . . . . . . . . . . . . . . . . . . . . . . 14
2.3 A pushing system (a) initial (b) intermediate and (c) at rest . . . . . . . . 15
2.4 A sliding object in a (a) steady state and (b) disturbed state . . . . . . . 18
2.5 A rolling wheel in a (a) steady state and (b) disturbed state . . . . . . . . 18
2.6 Variation of α with respect to ρ for system with rpc = 0.5m, r sc = 0.2m,
rfc = 0.1m and β = π. Arrows indicate the direction of object rotation
for a given ρ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.7 Variation of α with respect to ρ for system with rpc = 2.0m, r sc = 0.2m,
rfc = 0.15m and β = π. Arrows indicate the direction of object rotation
for a given ρ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.8 Variation of α with respect to ρ with a contact friction coeﬃcient of 0.5
showing the rolling (solid) and sliding (dashed) regions. rpc = 0.5m,
r sc = 0.2m, rfc = 0.1m and β = π. Arrows indicate the direction of
object rotation for a given ρ . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.9 Variation of α with respect to dpc for pushing with a ﬂat fence r sc = 0.2m,
r fc = 0.1m and β = π. Arrows indicate the direction of object rotation
for a given ρ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.10 Calculation of α for pushing a ﬂat faced object with a curved fence . . . . 24
2.11 Variation of α with respect to ρ for pushing a ﬂat object with rpc = 0.5m,
nfc = 0.3 and tfc = 0. Arrows indicate the direction of object rotation
for a given ρ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.12 Variation of α with respect to ρ for pushing a ﬂat object with rpc = 0.5m,
nfc = 0.5 and tfc = 0. Arrows indicate the direction of object rotation
for a given ρ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.13 Variation of α with respect to ρ for pushing a ﬂat object with rpc = 0.5m,
nfc = 0.7 and tfc = 0. Arrows indicate the direction of object rotation
for a given ρ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.14 Variation of α with respect to ρ for system with rpc = 0.5m, r sc = 0.2m,
rfc = 0.085m and β = 2.9. Arrows indicate the direction of object
rotation for a given ρ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.15 Variation of ρ with vc = 0.5m/s . . . . . . . . . . . . . . . . . . . . . . . . 27
2.16 Variation of ρ with vc = 1.5m/s . . . . . . . . . . . . . . . . . . . . . . . . 27
2.17 Variation of ρ with vc = 2.5m/s . . . . . . . . . . . . . . . . . . . . . . . . 28
2.18 Round robot pushing a cuboid object at a corner resulting in a point contact 29
2.19 Comparison of angular velocities predicted under the quasi-static assump-
tion with steady state angular velocities reached when system inertial
eﬀects are considered and the pushing angle is maintained constant . . . . 30
vi
LIST OF FIGURES vii
2.20 Motion of an object sliding in the presence of friction when pushed at
constant velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.21 Comparison of the angular velocity with pushing velocity for masses from
0.5 to 3kg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.22 Transient response of the angular velocity for masses from 0.5 to 3kg . . . 32
2.23 Comparison of the angular velocity with pushing velocity at various sup-
port friction coeﬃcients . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.24 Comparison of the angular velocity with pushing velocity at various mo-
ments of inertia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.25 Transient response of the angular velocity at various moments of inertia . 34
2.26 Comparison of the angular velocity with pushing velocity at various sup-
port patterns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.27 Round robot pushing a cuboid object on a side resulting in curved surface
interaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.28 The stable pushing regions around the perimeter of the object increase
as the diameter of the pushing robot increases. Darker squares indicate
pushing locations with a greater disturbance tolerance. . . . . . . . . . . 38
2.29 The stable regions with the friction center in various locations. Darker
squares indicate pushing locations with a greater disturbance tolerance. . 39
2.30 Sliding object showing (a) an example of mass distribution for balanced
support friction and (b) the location of the support points. . . . . . . . . 40
2.31 Robot and object positioned to perform a pushing operation . . . . . . . 40
2.32 The rotation of a sliding object pushed from both disturbed and undis-
turbed initial positions for various friction center locations (a) 50mm
(b)100mm (c) 150mm (d) 200mm from the pushing contact point. . . . . 41
3.1 Movement and pushing input from an initial to ﬁnal object position . . . 47
3.2 Piecewise constant approximation of the pushing angle . . . . . . . . . . . 49
3.3 Manipulation by a point robot (a) Object Trajectory (b) Input . . . . . . 50
3.4 Trajectories and inputs for selected numbers of segments. . . . . . . . . . 52
3.5 Manipulation by a point robot to [1 0.1 -0.75] (a) Object Trajectory (b)
Input . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.6 Trajectories and inputs for input velocities of 0.05, 0.25 and 0.5 m/s . . . 54
3.7 Pushing vector within the friction cone resulting in sticking contact . . . . 55
3.8 Trajectories and inputs showing the eﬀect of increasing velocity if there
is no limitation on the pushing angle. . . . . . . . . . . . . . . . . . . . . 55
3.9 Manipulation by 50mm radius robot (a) Object Trajectory (b) Input . . 56
3.10 Trajectories for robot radii of (a) 50, (b) 100, (c) 200, (d) 300, (e) 400
and (f) 500mm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.11 Inputs for robot radii of (a) 50, (b) 100, (c) 200, (d) 300, (e) 400 and (f)
500mm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.12 Comparing the response to an equivalent input at various velocities: 0.1,
0.25, 0.5 and 1.0m/s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.13 Location of friction support points referred to by Table 3.7 . . . . . . . . 62
4.1 Control action for object manipulation generated by optimizer and feed-
back control law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.2 Control action for object manipulation generated by optimizer and feed-
back control law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
LIST OF FIGURES viii
4.3 Object trajectory for (a) optimizer and (b) feedback control law . . . . . 69
4.4 Object trajectory for (a) optimizer and (b) feedback control law . . . . . 69
4.5 Variation of support friction coeﬃcients over time for a Gaussian distur-
bance. Support points located (a) Top Left (b) Top Right (c) Bottom
Left and (d) Bottom Right . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.6 Input trajectory for object manipulation generated by the feedback con-
trol law in the presence of a Gaussian disturbance . . . . . . . . . . . . . 70
4.7 Object trajectory for (a) optimizer and (b) feedback control law in the
presence of Gaussian disturbance . . . . . . . . . . . . . . . . . . . . . . . 71
4.8 Variation of support friction coeﬃcients over time for a temporary dis-
turbance. Support points located (a) Top Left (b) Top Right (c) Bottom
Left and (d) Bottom Right . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.9 Object center trajectory for (a) optimizer and (b) feedback control law
for a temporary disturbance . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.10 Object trajectory for (a) optimizer and (b) feedback control law for a
temporary disturbance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.11 Input trajectory for object manipulation generated by the feedback con-
trol law in the presence of a temporary disturbance . . . . . . . . . . . . . 73
4.12 Variation of support friction coeﬃcients over time for a sustained distur-
bance. Support points located (a) Top Left (b) Top Right (c) Bottom
Left and (d) Bottom Right . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.13 Object center trajectory for (a) optimizer and (b) feedback control law
for a sustained disturbance . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.14 Object trajectory for (a) optimizer and (b) feedback control law for a
sustained disturbance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.15 Input trajectory for object manipulation generated by the feedback con-
trol law in the presence of a sustained disturbance . . . . . . . . . . . . . 76
C.1 A sliding object subject to an input velocity between two curved faces . . 88
List of Tables
2.1 Notations used in Dynamic and Quasi-static Models . . . . . . . . . . . . 11
2.2 Default Physical Parameters for Numerical Simulations . . . . . . . . . . 29
3.1 Computation times for typical symmetrical and asymmetrical trajecto-
ries with an increasing number of segments. Computation time for six
segments used as a benchmark . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2 Final position error due to variation in pushing velocity . . . . . . . . . . 59
3.3 Final position error due to variation in friction coeﬃcient . . . . . . . . . 60
3.4 Final position error due to variation in mass . . . . . . . . . . . . . . . . . 61
3.5 Final position error due to variation in moment of inertia . . . . . . . . . 61
3.6 Final position error due to variation in support location . . . . . . . . . . 62
3.7 Final position error due to variation in friction center location due to
imbalanced friction co-eﬃcients at support points . . . . . . . . . . . . . . 63
ix
